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ISOPERIMETRIC INEQUALITY ALONG THE TWISTED 

KAHLER-RICCI FLOW 

SHOUWEN FANG, TAO ZHENG 


Abstract. We prove a uniform isoperimetric inequality for all time along the twisted 
Kahler-Ricci flow on Fano manifolds. 


1. INTRODUCTION 


The classical isoperimetric inequality states that for Borel set hi e R n (n > 2) with finite 
Lebesgue measure |0|, the ball with the same measure has a lower perimeter, that is, 

I n-1 

P(12) > nu>n 101 « , (1.1) 

where P(12) is the distributional perimeter of 11 which coincides with the classical n — 1- 
dimensional area of <912 if 11 has smooth boundary and u n is the volume of unit ball in 
M”. It is also well-known that equality holds in (II. ip if and only if H is a ball B in M n . De 
Giorgi [21] (see also [22] for English version) proved (11.11) for the first time in the general 
framework of sets with finite perimeter. Then there is a long and complex history of the 
various kinds of proofs and differential formulations of the isoperimetric inequality (see 
mmmmmm and references therein). 

Indeed, we can understand “isoperimetric inequality” as any inequality relating to two 
or more geometric and/or physical quantities associated to the same set which is called 
optimal in the sense that the equality sign holds for some set or in the limit as the set 
degenerates (see [34]). For example, there is a quantitative version of the isoperimetric 
inequality so-called Bonnesen type inequality named by Osserman [3T| (see also mmm 
[25] (26] [32]). For the Bonnesen type inequality, there is Hall’s Conjecture solved by m 
which states that for any Borel set hi C M n (n > 2) with 0 < |0| < oo, there exists a 
constant C{n ) such that 

A(12) < C{n)y/D(£l). 

Here A(12) is the Fraenkel asymmetry of 12 defined by 


A(12) := min 


d(12, x + rB) 


x e 
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where r > 0 such that |Q| = r n \B\ and d (E, F ) denotes the measure of the symmetric 
difference between any two Borel sets E, F. D{fll) is defined by 

PiP) L 

UUJn 1^1^ 

There are a number of practical uses of isoperimetric inequalities as noted in the preface of 
Polya-Szego [33]. By making use of such inequalities, one can deduce estimates of physical 
quantities in terms of geometric ones, or not easily accessible quantities in terms of more 
easily computable ones which may be precise enough for practical purposes. Isoperimetric 
inequalities are also useful in various kinds of initial and/or boundary problems (see for 
example [331 133] and references therein). 



In the case of geometric flow, Hamilton [23] obtained an isoperimetric estimate for the 
Ricci flow on the two sphere. For complex 2-dimensional Kahler-Ricci flow, Chen-Wang [7j 
proved that the isoperimetric constant for (M, g(t)) is bounded from below by a uniform 
constant. Here g(t) is the solution of the Kahler-Ricci flow (see 01.2p with 6q = 0). 
Later, Tian-Zhang [32] proved that, for all complex n -dimensional Kahler-Ricci flow on 
Fano manifolds, the isoperimetric constant for (M, g(t)) is also bounded from below by 
a uniform constant. 


In this paper, we obtain a uniform estimate of lower bound on isoperimetric constant 
along the twisted Kahler-Ricci flow on Fano manifolds. To be precise, we need some 
notations and definitions. Let M be a real n(= 2m) dimensional Fano manifold with 
Kahler form uiq associated to the Kahler metric g 0 - We consider the twisted Kahler-Ricci 
flow (See [H] [29, 48] and the references therein) 

{ d 

qI 9i]( x , t)=~ Rij(x, t ) + %(x) + g fj {x, t), ^ 

9ij(x, 0) =(g 0 ) i3 (x), 

where 6 is a closed semi-positive (1,1) form and 

[2nci(M)\ = [cu(x,t) + G}. 

Here co(x,t) = p^lg^^Xj^dz 1 A dz 3 associated to the Kahler metric g(x,t). For conve¬ 
nience, we denote 

Si-j(x,t) = % (x,t)-9 i3 (x). 

and 

m 

S(x, t) = 2 ^ g Jl (x, t)Sij(x, t) 
i,j =1 

We know that 

Proposition 1.1. For the twisted Kahler-Ricci flow HI. 2 1) on Fano manifolds, there exist 
uniform positive constants C, k, and C$ such that 

(a) \S(x,t)\<C, 

(b) |diam(M, g(t))\ < C, 
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(1.3) 


(c) \\h\\ci < C, where from dd-lemma, h G R) satisfies 

<% - 9i] = didjh , 

(d) Vol 9 ( t )(i?(x, r, £)) > Kr n ? for any t > 0 and r G (0, diam(M, g(t))), 

(e) Vol g ( t fiB(x,r,t)) < i%~ 1 r n , for any t > 0 and r > 0, 

(f) for any f G W 1,2 (M), 

n —2 

(// ^ ^ 0 V /lg(t) + / 2 ] d/i(t)^ • 


Items (a)-(d) in Proposition II.II can be founded in [II] [29] and items (e)-(f) in Proposition 
11.11 can be founded in [Hj- Since the volume of (M, g(t )) is a constant, from item (e) in 
Proposition 11.11 there exists a uniform constant fi > 0 such that 

diam(M, g(t)) > fi. 

In the case of Kahler-Ricci flow, that is, Og = 0, Items (a)-(d) in Proposition 11.11 is due 
to Perelman (See [39]). Item (e) in Proposition 11.11 belongs to [SJ 07] and item (f) was 
established by [44* 05] 06] . 

As a consequence of Proposition 11.11 we can deduce our main theorem as follows. 

Theorem 1.2. For the twisted Kahler-Ricci flow li.^l) on Fano manifolds, for any u G 
R), there holds 

n— 1 

( [ u^dtx(t)\ < S*i f |Vt4 (t) d/x(f) H- - - x [ |w|d n(t), (1.4) 

\Jm J Jm [Vol g (t)(M)] n Jm 

where S\ > 0 is a uniform constant depending only on g 0 and C is a positive numerical 
constant. The Sobolev inequality \l.f\) implies isoperimetric inequality 

ll/(*) - < C'/||V/|| i i W , / G C°°(M, R), 

where Ci > 0 is a uniform constant depending only on g 0 . 


Remark 1.1. From Theorem 11.21 we can get a uniform lower bound for the isoperimetric 
constant in (M, g(t)) as follows. There holds 


J(M, g{t )) : = 


inf 

VCM 


Area ( dV ) 

n 

[mmfVol^tC), Vol s(t) (M-l/)}] 


where V is a subdomain of M such that dV is an n — 1 dimensional submanifold of M, 
and 5 is a positive constant depending only on initial metric on. A proof can be found in 
Section 5.1 of (9], 


Remark 1.2. In the case of Kahler-Ricci flow, the theorem and the isoperimetric inequality 
above were obtained in Tian-Zhang [42]. 
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2. SOME BASIC GRADIENT ESTIMATES 


In this section, we give some gradient estimates of harmonic function and solution to heat 
equation on n > 3 dimensional Riemannian manifold M with a fixed Riemannian metric 
g. We need the assumptions as follows. 

Assumption 1. For / £ VF 1,2 (M), there holds L 2 Sobolev inequality: 

n —2 

(f l/l^dd “ <a[ [IV/ljj + Z 2 ]^, (2.1) 

\Jm J Jm 

where A is a positive constant. 

Assumption 2. There exists a positive constant A such that 

A r n < Vol g (B(x, r)) < A _1 r n , 0 < r < diarn(M) d < 1. 

Assumption 3. There exists a symmetric 2-tensor S such that the Ricci curvature 

Rij > Sij and 

Sij = P%V k X7 e L + Q*f gkt , 

where L £ C°°(M , M), P and Q are both (2, 2)-tensors and P is parallel. Moreover, 
assume ||-P||oo < 1 and ||Q||oo < 1. 

In particular, for the twisted Kahler-Ricci flow (11,2[) . 

S i] - R H ~ 9 H - + didjh 

is such a kind of tensor. 


Lemma 2.1 (Moser[30] ). Let (M, g ) be an n-dimensional Riemannian manifold and u 
be a non-negative solution of parabolic equation 


on M x [0, Too). Then we have 

u 2 d/i < C 


sup / 

t€[0T,T] JB(xo,crr) 


d t u — A u = 0 


1 1 
+ 


(g - a) 2 r 2 (0 - r)T J J rT 


and 


' 0T JB(xo,crr) 


\Vu\ 2 dg < C 


(g - a) 2 r 2 (9 - r)T J J rT 


' B(xo,)ir) 


' B(xo, fir) 



(2.2) 

u 2 dgdt 

(2.3) 

u 2 dgdt, 

(2.4) 


where C > 0 is a numerical constant and 0<a<g<l,0<T<9<l. 


Proof. For any <p £ C°°(M x [0, oo)) with support in B(x o, gr), combining (12.2[i and the 
Stokes’ theorem, we have 


' tT J B(xq, fir) 


( p 2 d t (u 2 )dgdt + 


' tT J B(x o, fir) 


\S7u\ 2 ip 2 dgdt = —2 


'tT JB(io,/ir) 


where we choose mp 2 as a trial function. 


uifiVu ■ V</?, 

(2.5) 










(2.6) 


From the Cauchy-Schwarz inequality, we get 


2 mpVu ■ Vf < -\X7u\ 2 ip 2 + 2|Vy?| 2 -u 2 


Using (12.5ft and (12.6ft . we arrive at 

[ [ d t {u 2 f 2 )dpdt+ [ 


' tT JB(xo,nr) 


' tT J B(xq. jir) 
rT r 


<4 


JrT JB(xo,fJ,r) 

Now choose f(x, t ) = (^i(dist(x 0 , x))(p 2 (t), where 

=1, 0 < p < ar, 

{ =0 ’ P ^ > ir -‘ 


\X7u\ 2 f 2 dpdt 

u 2 (|V</?| 2 + \fd t f\) d/idt. 


and 


such that 


Then we have 


e[0, 1], or < p < /i'r, 

=0, 0 < t < rT, 

f>2 (t) ^ =1> t > 9T, 

e[0, 1], tT <t< 9T, 


4 4 

M<7 - 7-, M< 


if-(T)r 


[6 — t)T' 


sup / 

tG [0T, T] JB (xo, err) 


u 2 dp := 


' B(x o, err) 
rT' 


K.r'lrdf* 


‘ tT J B(x o, err) 
/»T /• 


<4 

<C 


rT B(xo, fir) 

l 


(9t(n 2 v? 2 )d / udt 

n 2 (|V</>| 2 + \ fd t f\) dpdt 


+ 


(/i - a) 2 r 2 ( 6 - t)T J J rT 


’ B(xo, nr) 


u 2 dpdt, 


which implies 
Since 

we have 


!tT JB(xq, fir) 


d t (u 2 f 2 )dpdt = / [«(•, T)f(T)Y d/i > 0, 


' b(xq, n r ) 


'tT J b{x o,n r ) 


| V'u| 2 </rd/rdt <4 


<C 


tT J B(xo, fir) 

l 


u 2 (|Vy?| 2 + \fd t f\) d/rd t 
1 


+ 


(p-a) 2 r 2 {6 — r)TJ J rT 

5 


rT 


u 2 dpdt, 


(2.7) 


b{x o,n r ) 













which implies (12. 4 j) . □ 

Lemma 2.2. Let (M, (?) fre an n-dimensional Riemannian manifold satisfying Assump¬ 
tions 1,2,3. Then 


(a) for smooth harmonic function u in B(x o, r) with r < d, we have 


sup 

xeB(x o, |) 


|Vw(x)| < C 


1 

r 



5 


( 2 . 8 ) 


where C is a positive constant depending only on A, n, P, Q and ||VL|| C 
(b) for a non-negative smooth funtion u on M x [0, oo) satisfying 

d t u — A u = 0, 

we have 


| V«(x, t) | < 


C 


\Zpt \{vt) 2 Jt-rfi J B{x,y/rf) 


u 2 dpdt 


(2.9) 


( 2 . 10 ) 


where 0 < r) < 1 is a parameter, t = min{£, d 2 } and C depends only on n, A and 

IIVLIU 


Proof. Proof of Item (a). 

Since u is a harmonic function, it follows from the Bochner’s formula that 

A|Vu| J = 2|Hessu| 2 + 2Ric(Vu, Vu). (2.11) 

Given 0 < a < p < 1, define Lipschitz cut-off function ip(x) E [0, 1] such that 

1, x E B(xo, err), 

0, x E M — B(xq, far) 


'ijj(x) = 


and 


|W>|< 


(/i- a)r‘ 

Setting / = | Vw| 2 , for p > 1, from the Stokes’ theorem, we can get 

1 


/ (A/)/ 2 »-v 2 = f 

' B(x 0 ,iir) P J B(x o,/zr) 


2(p-l) 




1 B(x 0 ,fir) 


|v(/W- 

P J B(xo,fir) 

f”V(f p <P) ■ Vi/., 


/ 2p |V# 


( 2 . 12 ) 


Using the Cauchy-Schwarz inequality, we deduce 


’ B(xq, fir) 


rV(/G/0 ■ vv^ < - 


B(xo,fir) 


|v(/w + ^ 


’ B(xo,/J.r) 


f 2p IWf. (2.13) 









Combining fl2.HH . (I2.12H and (12.13ft together, we obtain 


- 2 
2p — 1 


B(xo,fir) 


|HessM| 2 / 2 p_ V 2 - 2 


1 B(xo,fir) 


Ric(Vu, Vn)/ 2p -V 2 


wm\ 2 


> 


irii / 

B J B(xo,fj,r) 

2p — 1 e(p — 1) 


jr 




B(x 0 ,/j,r) 


P J B(xo,iir) 

|V(/^)| 2 - 


/ 2p |v# 


2(p-l) 


1 p — 1 

^2 £ p2 


P J B(xo,fir) 

f- r |V^| 2 . 


/ p v(/>v) ■ w 


B(xo,fir) 


Taking 

we have 

2p —i r 

2 P J B(x 0 , fir) 


(2.14) 


e = 


2jj — 1 

2(p-l)’ 


|v(/ p v>)i 2 < 2p2 2p+1 


p (2 p 1) J B(xo,fir) 


I V , 0| 2 / 2p — 2 


B(xo,fir) 


|Hessii| 2 / 2p ” 1, 0 2 


- 2 


J B(xo,fir) 

2 p 2 — 2 P +1 r 

p 2 {2p — 1) J B{ „) 


Ric(V«, V«)/ 2 p ~V 2 


< „2 


|V' 0 | 2 / 2p — 2 / |Hessu| 2 / 2p ~V 


' B(xo,fir) 


S{Wu, Vri)/ 2p 'V 2 


J B(xo,fir) 

—'■I\ + h + 1.3 ■ 

Due to the Stokes’ theorem and the fact that P is parallel, we derive 


(2.15) 


/ 3 = -2 
= - 2 
=2( 
+ 2 


' B(xo,fir) 


5(Vu,Vn)/ 2p ”V 2 

P-f V fc V,LV^V,u/ 2 ^V 2 - 2 




' B(x 0 ,fir) 

J^V*LV fc V i uV,-u/ 2p -V 2 + 2 




' B{x 0,/j.r) 

PgVtLViuVkVjuf 7 *- 1 ^ 


B(x 0 ,fir) 


1 B(x 0 ,fir) 


P^ViLWiuWjuVkif 2 ^ 2 ) - 2 / QVgkeViuVjuf 2 *- 1 ^. 


J B(xq, fir) 

From the Young’s inequality, we have 

[ ifv,Lv fc v^v^/ 2p -V 


1 B(x 0 ,fir) 


(2.16) 


' B{x 0 ,fir) 


< — 


<| 


' B(xo,fir) 


|V,V,u| 2 |V,u| 2 / 2p -V + — 

Z6i 


' B(xo,fir) 


\pmv t L\ 2 fi, 2 


(2.17) 


/ |HesiM| 2 / 2 >’-y 2 + — C||VL|| 2 . 

B(xo,fir) "^1 

7 


/ 2p </> 2 


' B(x 0 , fir) 

















and 


' B(xo,fJ.r) 


P* j e V i LV i uV k V j uf 2 i’- 1 ip 2 


u 


< 


£2 


(2.18) 


IHessul 2 / 2 '- 1 ^ 2 + -^CUViHi 


^ JB(xo,^r) 

Moreover, we also have 


f 2r v 2 


' B(x 0 ,/J.r) 


Pff'ViLViuV juV k (f 2 p - 1 ip 2 ) 


2e 2 


2p — 1 


' B(x 0 ,fir) 


^V,LV,nV,n/^VV fc (^/ p ) 


P J B(xo,fir) 

- [ Pg'V e LV i uV j uf 2 p - 1 T/>V k il>. 

P JB(xo,fir) 


By the Cauchy-Schwarz inequality, we can get 

PgViLViuVjuf^^Vktyf*) 

\Plf\ 2 \VL\ 2 f 2p ^ 2 


' B(xo,fJ.r) 



/ |V(^)| 2 + 

1 

2e3 

2 

J B(xo,iir) 


I |V(^)| 2 + 

1 

263 

2 

J B(x 0 ,fir) 


3 J B(xo,/J,r) 


II- 


' B(x 0 ,iir) 


/V 


and 


PgViLViuViufP-^Vkip 


' B(x 0 ,fJ.r) 


< 


C4 


' B(xo,fir) 


|VL| 2 / 2p |VVf + 


2e, 


4 J B(x 0 ,fir) 


J>"| 2 / 2 r ip 2 


l|Vi|||» / 

z J B 


1 


B(xo,/J.r) 


rwr + ^ 

Z 64 


fy 2 


' B(xq, fir) 


Using the Cauchy-Schwarz inequality again, we also obtain 


Q'‘fg u V i uV :i uf 2 ’-V < C 


f”i> 2 


J B(xo,/ir) 

Therefore, combining H2 .1 61) - 112 .22 [) . we can deduce 

2p- 1 


’ B(xo,fir) 


h <- 


4 p 2 
VC 


' B(xo,fir) 

IIVLIIL 


|V(/^)I 2 


' B(xo,,fir) 


|Hessw| 2 / 2p -V 


+ l|VL|| 2 0O + l 


f 2p • 


(/i — cr) 2 r 2 
Substituting (12.231) into (12.151) yields 

f |V(/^)| 2 < Cp 2 h l|VL| l”, + IIVIIIL + 


J B(xo,fJ.r) 

where C is independent of p. 


(/i — <x) 2 r 2 


' B(xo,fir) 


(/i — cr) 2 r 2 


+ 1 


(2.19) 


( 2 . 20 ) 


( 2 . 21 ) 


( 2 . 22 ) 


(2.23) 


' B(x 0 ,/j,r) 


f P , 















Since d < 1, it holds that for p > 1 

[ |v(/-v>)l 2 < c P 2 ( l|VL|l “, + , 1 


' fir) 


V (p (TpT J J B(xo,fir) 


in¬ 


setting 


X = 


n 


n- 2’ 


' B(xq, fJ,r) 


from the Sobolev inequality (12.ip . we have 

_1 

\f r <P \ 2x )' <A 
<Cp 2 

that is, for p > 2, we get 


/ i v(A/or 

B(xo,iir) 

niviiiL+i' 


yi/r 


V (p " J J B(xg,fir) 


' B(xo,/J.r) 

f P , 


' B(xq, err) 


px 


i/r < 


a n|VL|| 

C ppp \ — - 


+ 1 


V (h 1 P B(xo,fir) 


P 


Letting 


we have 


H=VX i \ r *=2 + il’ 


r r 


7i+l = 7*X> - r i +1 = 


3r 

4*+i' 


It follows from (12.24(1 that 

Uw(B(M,rii + i)) =||/|U-»»(B(a»,rn.i)) 

t, .* /Vt&+i 


l 

7fc 


<C^ 




9r 2 

16 fe + 1 


' B(xo,r k ) 


f 


7 k 


l 

7 fc 


< (C'dlVL||L + 1))’ S ^ ^ 


k k 

1 y' i+1 _^ y' 1 

Xl6 p - 1 ^ T (3r) 


As k —y oo, we can arrive at 

_ n 

||/IU-(s(x 0 ,f)) < C(A, n, p, ||VL|| 00 )r F 
Now choosing p = 2, we have 

|L°°(B(a;o,t)) — n i ||^A|| 0o )r 2 


'S(*0,f) 


p 


'B(x 0 ,f) 


l/i 


'B(x o,f) 


I/P 


(2.24) 
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For q G (0, 2), applying the Young’s inequality we deduce 



Therefore, by Lemma 4.3 in m we have 



Taking q — 1, we get 

sup |Vn| 2 < Cr~ n [ |Vu| 2 . 

xq,§) ^ b ( x 0,^-) 


Since 
0 = 


' B(xo,r) 


(A u)(uil> 2 ) = 


I B(x 0 ,r) 


V-u ■ V(tfi/> 2 


' B(x 0 ,r) 


0 2 Vw ■ Vu + 


' B{x 0 ,r) 


2 w/j'Vu ■ V 0 


> 


1 B(x 0 ,r) 


ip 2 \ Vu | 5 


' B(x 0 ,r) 


-0 2 |Vu| 2 + 2u 2 V0 • V0 , 


choosing p = 1, a = | in the cut-off function 0, we have 




|Vn | 2 < 


' B(x 0 ,r) 


0 2 V« • Vm 


<4 / 

J B(xo,r) 

1024 r 

r2 JB(x 0 ,r) 


■u 2 V0 ■ W'tjj 


u 


Therefore, we can deduce (I2.8|l . 

Proof of Item (b). Since u is a non-negative solution of (12.9ft . using the Bochner’s formula 
again, we have 

A|Vn| 2 = d t \Wu\ 2 + 2|Hessn| 2 + 2Ric(Vu, Vu). (2.25) 


0 is also the cut-off function in the proof of Item (a). For p > 1, also setting / = |Vu| 2 , 
from (I2.25j) . we can get 
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' B{xo,pr) 


f 2p - x Vft d/i 


' B(xo,/J.r) 




' B(x 0 ,/ir) 


(2|Hessw| 2 + 2Ric(Vu, Vw)) Pp 2 f 2p 1 d/i. 


(2.26) 


On the other hand, we also have 


/ =- 

'B(xo,nr) ^P J B(xo,pr) 


<p 2 (a,f r W 

i r -f 2r AiJ~ 


(2.27) 


' B(xo,fJ.r) 

Similar to the process to get (12.15|) . from (12.26(1 and (12.27(1 . we derive 


<- 


2 p 
1 


-a 


' B(xo,nr) 


■’l> 2 l 2r A P + 


P J B(xo,fir) 


|V (/^)| 2 


P JB(xo,fJ.r) 


|vv>|/ 


2 r2p 


|Hessn| 2 / 2 p "V 2 


' B(xo,fir) 


<- 


-2 
1 /* 


P J B(xo,fir) 


Ric(Vu, Vn)/ 2 p "V 2 

|Hessn| 2 / 2p -V 2 


B(xo,pr) 

|V-0| 2 / 2p — 2 


(2.28) 


S(Vu, Vn)/ 2 p 'V 2 


' B(xo,pr) 


J B(xo,pr) 

—'■I\ + h + ^3- 

Substituting (12.2311 into (12.28(1 . we arrive at 


a / 

J B(x 0 ,pr) 

which implies 


V> 2 / 2p d/i + 


' B(xo,pr) 


iv(am 2 d/i< cp 


(WVLWl + l 


a 


' B(xo,pr) 


ip 2 f 2p dfi-\- 


' B(xo,pr) 


V (h ^0 P / J B(xo,/ir) 

(v> 2 / 2p + iv(ani 2 ) d/i 


/ 2p , 


<C// 


piv^llL + i 

v (h - ^) 2p2 y Jb(x 0 ,pt) 


/ 2p , 


(2.29) 


where we use the facts that d < 1 and p > 1. 
Define 


77(f) = 


0, 

t-rT 
(i 9 - r)T’ 


0 < t < tT, 
tT <t< 9T , 
9T < t < T. 


li 















Multiplying both sides of (I2.29|) by it leads to 

d t (v(t) [ ^ 2 f P d»)+ri(t)[ {'ip 2 f 2p + IV('0/ p )| 2 ) dp 

V J B(xo,/ir) J J B(xo,fir) 

Cp 2 (\\VL\\ 2 00 + l) , ,, 


< 


(/i — <r) 2 r 5 


V'(t) ) / f 2p d/p 

> B(x 0 ,fir) 


which implies 


sup / -0 2 / 2p d/i + / / {f 2p ^ 2 + |V( , 0/ P )| 2 ) d/idt 

0T<t<T JB(xo,iir) JOT JB(xo,fj,r) 

<2[ g^ dlVLIlL + l) f 1 x ' r 


0 - cr) 2 r 2 (0 - t)T J J tT Jsixo^r) 
From the Sobolev inequality (12.ip and (I2.30I) . we have 


/ 2p d/xdt. 


(2.30) 


/ / / 2p ( 1+ -)d/rdt 

JOT JB(xo,ar) 

< f [ (^/ p ) 2 ^ 1+ ")d/rdt 

JeT Jb(x 0 ,/J.r) 

</ ([ ^f 2p d P y([ n ^ 

J ST \J B(xo,fir) J \J B(xo,fir) J 

2_ rji re — 2 

< f sup [ ip 2 f 2p dY [ ( [ (^/ p )^d//') dt 

\6T<t<T J B(xo,nr) ) J OT \J B(xo,[ir) / 

w sup [ r r (^ 2 / 2p +iv^/ p )i 2 )d/idt 

\0T<t<T J B(xo,fir) J J OT J B(xo,pir) 


<C 1+ ™p 2 ( 1+ ") 

Defining 


1 1 

+ 


i+y / pT 


(p - ^) 2p2 " r (^ - t)t y \j rT j B {x 0 ^r) f d/xd y 


1 +: 


H(p,r,t ) = 


>t J B(xo,r) 

for p 0 >2 fixed, then (12.311) implies 


/ p d/idt , x = 


n + 2 


n 


(2.31) 


H(PoX,n,t2) < Crnp J 


1 — 
PO 


2 ^ 1 1 \ PO 

+ -- -1 iy(p 0 ,n,ti). 


( r i - r 2 y 2 t 2 - ti 


Setting 


7« =PoX 


i—1 


(u — a)r m 

= trr + 2 i-i > = rT + ( i 

12 


>z-l 


(0 - t)T, 


(2.32) 


















from (12.321) . we have 


H^ i+1 ,r i+1 ,t i+1 ) <01*11 


1 — 

7 i 


+ 


(n - r m ) 2 tj +1 - t 




1 -irri 2(i-l) i 

= ( 7 P 0 X * _1 Pq° X yPOX®” 1 4: P 0X 8-1 


X 


1 1 
+ 


(/i — cr) 2 r 2 (0-r)T 


POX 


vr 


ih( 7 i, r*, U) 


(2.33) 


1 -A 1 — V / _2_ ^ l-l 1 y' l 

<(7 P ° £=i x f_1 ^ P0 fci x ,,po x^” 1 /i po /r', x^ 1 


To 


X 


+ 


” «=1 X- ^_PO £ =1 

1 


(fi — a) 2 r 2 (9 — t)T 


_L V / 
PO ^ x £_1 




Letting z —* oo in (12. 33ft yields 

sup f(x, t ) = lim fL( 7 i+i, r i+1 , t i+1 ) 

B(xq, ar)x[6T, T] l_> °° 


<c 


1 1 

+ 


(fi — a) 2 r 2 (9 — t)T 


re+2 
2 P0 


' tT J B(x o, ^r) 


/ Po d/zdf 


PO 


where C depends on p 0 , A, n, || VL||oo and the upper bound of diarn(M). Taking p 0 = 2, 
from the inequality above, we get 


sup f(x, t) <C 

B(x o, ar)x[6T , T] 

For p 0 e (0, 2), there holds 

f-T r 


(fi — a) 2 r 2 (9 — t)T 


n-\- 2 


' rT J B(x o, fir ) 


f 2 dfidt 


(2.34) 


f 2 dfidt 


< 


I rT J B(pc o, fir ) 

sup f 2 ~ Po 

B(xq, /zr)x[rT, T] 


rT J B(pc o, ^r) 


f po dfidt 


(2.35) 


i _P0 

2 / /»T 


sup / 

5(tC0 J /xr*) X [tT, T] 


/ po d/idt) 

tT J B{x o, /ir) / 


Defining 


h(a, 9) := sup f(x, t), 

B{XQ, or)x\GT , T] 


Combining (12.34(1 and (I2.35j) . we deduce 


MM) < - h(fi,r) + C 


1 1 
+ 


(fi — a) 2 r 2 (9 — r)T 

13 


ra-j-2 

2 P0 


[ [ f P °dfidt) P ° . 

' rT J B{xo, fir) / 





























Then from Lemma 4.3 in ra. we have 


h(a,6) < C 


+ 


n-\- 2 
2 P0 


(/i — cr) 2 r 2 (0 — r)T 
Now if we choose p 0 = 1, we obtain 

1 1 


' tT J B(x o, fir) 


f P0 dpdt 


p o 


n+2 


sup |Vn| 2 < C + / / | Vu| 2 d^idi. 

B(xo, crr)x [OT, T] V (w w-*/ J tT J B(xo, fir) 

Taking t = min{T, d 2 }, 9T = T — | pi, tT = T — | pi, a — /j = |, we get 

rT 


|Vn(x 0 , T)| 2 < 


C 


n+2 


(r/t) 2 J T -l v tJB [ X0 


> tv^) 


| Vtt| 2 d/idt, 


where 0 < p < 1 is a parameter. Applying Lemma 12.11 we have 


|Vn(x 0 , T)| 2 < 


which leads to (12.101) as required. 


C 


✓ —v n-|-4 i i . .—. 

(r/t) 2 J T—r]i JB[xq, rjtJ 


\u\ 2 dpdt, 


□ 


Lemma 2.3 (Grigor’yan [23] and Saloff-Coste [36]). Let (M, g) be an n-dimensional 
Riemannian manifold satisfying Assumptions 1, 2. Assume that u is a smooth harmonic 
function in B(x o, r) where xq G M, r e (0, d\. There exists a positive constant C\ = 
C\(A, p) such that 


sup |w(x)| < C\ 

x£B(x o, err) 



l 

0 - °) 2 r 2 



(2.36) 


where 0 < p < +oo and 0 < a < p < 1. 


In addition, denote t = min{t, d 2 } and 

Qs = B d\J~pi^j x [t - dpi, t] , Q = B \fpi^J x [t - pi, t] . 

If u is a solution of heat equation \2.(A) in the space time cube M x [0, +oo], then given 
0 < 6 < 1, there holds 

sup \u(x, s)| p < C 2 (l - d)~ (n+2 \pt) ^~(l + pi)~^~ f [u(-, s)] p dpds, (2.37) 

(x,s)GQs Jq 

where C 2 depends on A and p with 0 < p < +oo and 0 < p < 1 is a parameter. 


Proof. Using the Sobolev inequality (12.ip . by the standard Moser’s iteration, we can de¬ 
duce (I2.36P and (12.371) . Here we omit the details of the proof. (See for example Grigor’yan 
[23] and Saloff-Coste [36].) □ 

Denote by H(x, y, t ) the heat kernel of heat equation (I2.9jh We have the following 
estimates for the heat kernel. 
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Lemma 2.4. Let (M, g ) be an n-dimensional Riemannian manifold satisfying Assump¬ 
tions 1, 2 and 3. Then we have 


H(x, y, t) < Ci 



[dist(x, y)f 


t 2 e" 


[dist(a;, y)] z 
41 


(2.38) 


and 


V x H(x, y,t) | < C 2 



[dist(x, j/)] 2 ^ 


n+1 [dist(x, y)] 2 

t 2 e « 


(2.39) 


where t = minjC d 2 }, Ci depends on A, A and n, and C 2 depends on A, A, n and 

||vl|U~ (M ). 


Proof. Fix A e R and a bounded function if satisfying \\7fj\ < 1. For any nice complex 
function /, set f z (y) = e A ^ \e zA (e~ x ^f)\ (y) for z = te^ 19 > 0, t > 0, \9\ < where 
0 < e <C 1 is a small parameter. Saloff-Coste [37] proved 

||/,||^<e 2A2 ' 1+ '>‘||/||i. (2.40) 


Introduce function 

u(y, t) = = [e‘ A (e~ x *f)] (y), 

where / G L 2 (M ) is a real function. The function u satisfies the heat equation (12.91) . 


Thus, from (12.371) . we have 

\u(x, t)\ 2 < C (1 + rjt)~^~(rjt) 2 “ f f ~ \u(z, s)| J d/ids. (2.41) 

Jt-rjt J b(x, \frjt} 

Here for later use, we take 0 < g <C 1 determined later. 

Multiplying both sides of (I2.4ip by e 2X ^ x \ from (12.401) . we get 

e 2 »(*>K^«)| 2 < Cfl + yj^M-Je^lVS+^d+'Xll/H 2 ,,^. (2.42) 

Take cut-off function <p(z) such that <p(z) = 1 on B(y , \/yt) and tp(z) = 0 on M — 
B(y , (1 + e)\Zrjt ), where 0 < e€ 1 small enough. Choosing 

(p(z)H(x,z,t) 

I{Z) Mz)H(x,zMl> { m) 

we obtain 


e mx)-*Ky)) f e mVrf+x z —d^) 

Jm J \\<p{z)H(x,z,t) || L 2 (M) ^ 

> f jjf t \ _ T( z )H(x, Z,t) _ , / \ 

> e A(^(x)-^(v)) ||^) (x, *, t) || L2(fl(yi (1+£) ^ )} 

> e AW.W(y))||^ (Xj2r>t) || £a( ^ v _ ) . 


(2.43) 
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Considering H(x, z,t ) as a function of z, from (12,42ft and (12.43ft . we deduce 

By using (12.3711 . we have 

\H(x iy ,t)\ 2 < C(l + V t)^(r,t)-^ 

j-i 

| H(x, z, t)\ 2 dp(z)ds 


(2.44) 


't—rji J B(y, y/rjt) 

ra +2 


71+ 2 


i.e. 


e &\\\^/r^+2\ 2 (l+e)t-2\(^(x)-ip{y)) 


T T 71+2 . 71 + 2 , 71 . 71 

i/(x, 7/, f) < C(1 + +) 4 (1 + Tjt) 4 ( T)t ) 4 (+) 4 


e 3|A|-y/??t+A 2 (l+£)t-A(i/i(a;)-y(y)) 

Combining (12.10)1 and (12.44p . we can derive 


(2.45) 


\\/ x H(x, y,t)\ 


71 + 2 


[H(y, z, s)] 2 dg(z)ds 


(r/f) 2 Jt-iyt JB(x, y/rf) 

<C(l + +)^(?+p^e 3 ^A^ +A2 ( 1 + £ ) t - A W’(z)-iK2/)) i 

Finally, taking such that t/^x) — ip (y) = dist(x, y) and 

1 


(2.46) 


_ dist(x, y) 

A “2(TT+P V ~ 


10 1 + 


[dist(x, y))* 


we can deduce (12.38ft and (12.391) . 


□ 


Lemma 2.5. Let (M, g ) be an n-dimensional Riemannian manifold satisfying Assump¬ 
tions 1, 2 and 3. Then we have 


H(x, y, t) >Ct 2 e ot 

for 0 < t < d 2 and C depending only on A, A, n and || VL||l°°(m) . 

Proof. Since for t G (0, d 2 ], from (12.38ft . we have 

H(x, x, t) < Ct~z. 

By Assumption 2 and Theorem 7.2 in |T3], we can deduce 

H(x, x , t) > ct~* , 0 < £ < d 2 . 

Combining (12.39ft and (12.48ft . for 0 < t < d 2 , we get 

| H(x, z, t) — H(y, z, f)| < (7dist(x, y)t 

vt 


(2.47) 


(2.48) 


H(z, z, t ). 
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In particular, for 0 < t < d 2 , we have 


I H(z, z, t ) - H(y, z, t)| < C dlSt ^ ^ H(z, z, t ) 


and for a small enough 


Vt 


I H{z, z, t) - H(y, z, t)| < - H(z, z , t) 


if dist ( 2 /, z) < a\ft < ad. Hence, we can derive 

H{y, z, t ) > 

for dist ( 2 /, z) < ay/t < ad. By the standard iteration (see Pages 394-395 of |43] ), we can 
get (I2.47D . □ 

Remark 2.1. More details about diagonal lower bound of heat kernel can be found in [I2] . 

Lemma 2.6. Let (M, g) be an n-dimensional Riemannian manifold satisfying Assump¬ 
tions 1, 2 and 3. Then for any f e C'°°(M, R), we have Poincare inequality 


(/(-) — /m) 2 dfi(z) <C \Vf(z)\ 2 dqi(z), 


(2.49) 




' M 


where C depends on A, n, A and ||VL||loo and 

fM = 


Vol(M) J M 


f (z)dfi(z). 


Proof. Applying (12.47(1 and Assumption 2, we have 


H(x, y, d 2 ) > 


C 


Vol(Af) ‘ 


For any / G R), 


u(x,t)= H(x,z,t)f(z)dn(z) 


(2.50) 


1M 


is the solution of heat equation (12.91) on M. By the lower bound of P[, we can get 


1M 


H(x, z, d 2 ) ( f(z ) — u(x, d 2 )Y d(i{z) > 


C 


> 


Vol(M) J M 

C f 


Vol(M) J M 


(f{z) - u(x,d 2 )) 2 dfi(z) 
(f(z) ~ /m) 2 dfi(z). 


(2.51) 


Integrating on M for (12.5ip . we derive 

H(x , z, d 2 ) ( f(z ) - u(x, d 2 )) 2 dp(z)dp(x) > C [ ( f(z ) - f M f dg{z). 



M JM 


'M 


Since 


H(x, z, t)dfi(z) = 1, 


IM 
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it follows from (12.50ft that 

H(x, z, d 2 ) (f(z) — u(x, d 2 ))~ dp(z)dp(x) 

H(x, z, d 2 ) (lf{z)} 2 - 2 f{z)u{x, d 2 ) + [u(x, d 2 )} 2 ) dp(z)dp(x) 



M JM 



M JM 


= / [f{z)] dn{z)- / [u(x,d 2 )Ydp{x) 

J M J M 


(2.52) 


rd 2 


d s / [u(x,s)} 2 dp(x) 

J M 


rd 2 


=2 


: V a(x. s) 2 d//(.r). 

Jo Jm 

where we use integration by parts and the fact that u is the solution of heat equation. 
Noticing that 

d s / |Vu(x, s)| 2 d/i(x) = / Vn(i, s)-VAm(j:, s)d/i(r) 


I M 


' M 


(Au(x, s)) 2 dp(x) < 0, 




from (12.521) . we have 

H(x, z, d 2 ) (f(z) — u(x, d 2 )) 2 dp{z)dp(x) < d 2 f |V/| 2 dp. 



M JM 


' M 


Since d < 1 in Assumption 2, combining 02.511) and 02.531) . we can deduce 02.491) . 


(2.53) 

□ 


Remark 2.2. For any p G M, 0 < R < d, denote by H§(x, y, t ) and H§(x, y, t ) the 
heat kernel with Neumann and Dirichlet boundary condition on geodesic ball B(p, R) 
respectively. Then following the discussion in Pages 396-397 of pET], from 02.471) . there 
exist constants C 3 , C 2 and C 3 (C 2 < |) depending only on A and A in Assumption 1 and 
2 such that 

H%(x, y, C 3 R 2 ) > H*{x, y, C,R 2 ) > C 3 R~ n (2.54) 

for all x, y G B(p, C 2 R). From 02.54p . by standard argument (see for example Pages 
142-142 in [46]), we can deduce the weak Poincare inequality 


where 


Ib(p,c 2 R) 


Ib(p, C 2 R) 


{f-fB( P ,c 2 R)) 2 dp<CR 2 


|V/| 2 d/i 


lB(p,R) 


f(y)dp(y). 


(2.55) 


\B(p, C 2 R )| Jb( p ,c 2 r) 

Then by the trick in [28] (see also (38) 06]), 02.55ft implies the Poincare inequality 

‘ 2 1 " 1 | V/| 2 d/r, V p E M, 0 < R<d. 


B(p, R) 


{f-fB(p,R)Y dp <CR 2 


B(p, R) 
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In the case of twisted Kaher-Ricci flow (11.21) . from (I2.55|) . we can get the Poincare in¬ 
equality by the estimate on the first non-zero eigenvalue of self-adjoint elliptic operator 

m 

A h / = d*d/^V7VA V / G C), 

i=l 

where h is dehned in (1 1.3 j) . 


From (11.3 j) and Theorem 2.3.4 in Futaki |19j . for the fist non-zero eigenvalue Ai of A^, we 
have 


Ai / \df\ e d fi(t) = 

J M 


,, m 

/ E (%VVV ! 7 - ViV jAVVVY + V'V/V.VJ) e h Mt) 

/ / m m \ 

; P/r + E % vi /V T 7 + v V'V'/V.VJ e h Mt), 

* V i,j =1 i,J=l / 


which implies 


Ai > 1. 


Thus, for any tp G M) with f M (pe h d/u(t ) = 0, we get 


< p 2 e h dfi{t ) < / |5v9| 2 e ft d / n(t). 


2„h, 


(2.56) 


' M 


’ M 


For any 0 G C°°(M , M) with J M 0d/i(t) = 0, denote a = J M 0e h d/i(t). So from (12.5611 it 
holds that 

^ - I’ < 2 - 57 ) 


Since 


' M 


' M 


C 1 


< (7, using (I2.57|l . we obtain 


C / |<90| 2 d/i(t) > 

J M 

> 


2 h 


’ M 

L 

-i 


>c 

=c~ l 

>c~ l 


e d/i(t) 




'M 






0 2 d/r(t) + 


/m 

. Im eh d»(*) 


Vol m {M) 


) 


0 2 d//(t), 




which implies the Poincare inequality along the twisted Kahler-Ricci flow (II. 2\) 




M \ Volg(i)(M) 




fdpit) dpit) < C / |V/| 2 d/i(f), V / G C°°(M, 


'Vf 
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Denote by 

G„(x, y) := l (H( X , y , t) - ^_y) dt 
the Green’s function of Laplacian. 

Lemma 2.7. Let (M, g) be an n-dimensional Riemannian manifold satisfying Assump¬ 
tions 1, 2 and 3. Assume also d> j3 > 0. Then there hold 

(a) |G 0 (x, y)\ < [dist{x C y)]n -2 , x,yeM, 

(b) |V x G 0 (x, y) | < , a;, V e M, 

where C depends on A, n, /3, A and || 


Proof. For any / 0 G C°°{M , M) with / M / 0 d/i = 

/(x, t) = [ (ll(x,z,t) - 
J M \ 

is the solution of heat equation (12.91) satisfying 

/ /(x,t)d/i(x) = 0, 




From the Poincare inequality (12.491) . we get 


0, 

Vop?)) Mzmz) 


f(x, 0) = f 0 (x). 


dt [ lf(x,t)] 2 dg(x) = —2 / | Vf(x, t)\ 'dp(x) < -C 1 [ [f(x,t)} 2 dg(x), 

Jm Jm Jm 

which implies 

[ [f(x,t)] 2 dg(x)<e~^[ [ f 0 (x)] 2 dg(x ), t > 0. (2.58) 

Jm Jm 

Combining (12.571) and (j2.58j) . for t > 10/3 2 , we have 

lf{x,t)] 2 < -&2 f f [f(z, s)] 2 dg(z)ds 
P Jt-p 2 Jm 

< Cie~^ [ [/ 0 (x)] 2 d/i(x), 

Jm 

that is, 

{// { H<yX,Z:t " > ~ voi(M) ) - Cie ~* fw*)] 2 M*), ( 2 - 59 ) 

where C\ depends on A, n, A, fd and || VL\\ L oo( M y 

For t > 10 /3 2 and x fixed, taking fo(z) = H(x, z,t ) — Vol * A ^ , from (I2.59p . we can deduce 

J m ^H(x, z, t) - dp(z) < C x e-i, t> 10/5 2 . (2.60) 
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For x fixed, the function H(x, z, t ) — Vol * A/) of z is also the solution of heat equation 
Thus, from (12.371) and (I2.6()[) . for t > 10/3 2 , we can derive 




< 




that is, 


Vol (M)J ~ P n+2 Jt-p 2 Jm 

<Cie"^, 


H(x,y,t ) 


1 Y 


H{x ' z - t] ~ voph ) d ' l( * )ds 


< C 2 e~c. 


Vol (M) 

where C 2 and C depend on A, n, A, f3 and ||^ 
Noticing 

r io ^ 2 


(2.61) 


Gq{x, y ) = 


H(x,y,t) 


d t 


Vol(M) / j iw . 


1 \ 


H ( x ’ v ’Q~mW)) 


d t. 


by (I2.38P and (12.611) . we can prove Item (a). 
Item (b) follows from Item (a) and (12.81) . 


□ 


3. Proof of Theorem 11.21 

In this section, for convenience, denote by |0| the volume of the set II with respect to the 
metric g. For any / G M), the Hardy-Littlewood maximal function Mf is defined 

by 

( Mf)(x) := sup / [ |/(Ol d MO> 


r>o | B(x, r) | J B{x>r) 


and we also define 


{U){X):= L ]m \B(xX 0<a<n - 

Lemma 3.1. Let ( M , g ) be a real n-dimensional Riemannian manifold, satisfying As¬ 
sumption 2. Then for any f G L l (M ) and 7 > 0, there holds 

7 I {x\( M f)(x) > 7}| < C\\f\\ L i (M) , 
where C depends only on A and n. 

Proof. The ideas comes from Chapter 3 in [2Uj (see also mm)- For any x G {x\(Mf)(x) > 
7} =: S~,, there exists r x such that 

wuhj\L,J mMC)>T 

Obviously, 

{B{x, r x )\x G S 7 } 

is an open covering of 5 7 . For any 0 < c < 1|, from measure theory (see for example 
Theorem 2.40 in TO, there exists a compact set K such that |A'| > c and finitely 
many balls, saying B(x\, r xi ), ■ ■ ■ , B(x p , r Xp ), cover K. Let B(x il , r Xi ) be the ball with 
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the largest radius in B(xi, r Xi ) , let B(xi 2 , r Xi2 ) be the ball with the largest radius in 
B(xi, r Xi )’s that are disjoint from B(xi i; r Xii ), B(xi 3 , r Xig ) the ball with the largest radius 
in B{xi, r Xi )' s that are disjoint from B(xi 1 , r x . ) and B(xi 2 , r Xi ), and so on until the list 
of B(xi, r x .) is exhausted. According to the construction above, if B(xi , r Xi ) is not the 
one of the B(xi j , r Xi . )’s, there is a j such that B(xi, r x .) r\B(x ij , r Xi .) ^ 0, and if j is the 
smallest integer with this property, the radius of B(xi, r x .) is at most that of 5(x,., r x . 

1 J Xj 

Therefore B(xi, r Xi ) C B(x^ , 3 r Xi .) and then 

K C U j B(x ij , 3 r Xij ). 

Therefore, from Assumption 2, we have 


c < \K\<Y^ I B(xi ., 3 r x .) | < 3 n A 2 | B ( Xi ., r Xi ) | 


< 


ta^J b 


l/(C)l<MC) < 3*A 2 


B(xi,,r x , ) 


7 


L 1 (M)- 


Letting c —> | A 7 1, we can deduce the desired conclusion. 


□ 


Lemma 3.2. Let (M, g ) be a real n-dimensional Riemannian manifold satisfying As¬ 
sumption 2. Then for any f e L 1 (M) and p > 0, there holds 

n 

|{x G M\(I a f)(x) > p}\ < C\\f\\l^ MV o <a<n, (3.1) 

where C depends only on A, n and a. 


Proof. Denote 


and 


(4,i/)0) := 


(4,2/)(x) : = 

Then for 0 < e < d, we have 


f | f/p\\ [dist(x, C)] Q , (n 
J B {x,e) 7 4 |S(x,dist(x,C))| 

/' 1/(01 [ dist ( x 3 C)] a d »(Q 

'm-b(x,£) ^ g \B(x, dist(x, 0)1 Mg ' 


(Ia,lf){x) =Y^ 


_ n v/{2 _ ( fc + 1 )e<dist(x, ^)<2 _fc e} 


i/(oi m o 


k =0 

oo 


n 

< V(2- fc e) Q | J B(x,2- (fc+1) e)|' 1 / 

k =0 ^ B 

oo « 

<CW(2- t £)‘‘|B(i.2- t e)|- 1 / 

/—n ds 


\B(x, dist(x, C))| 

l/(C)|dMC) 


B(x,2~ k e) 

l/(C)|dA*(C) 


k=0 

<C(Mf)(x)e a , 

where C depends only on A and n. 

Thus, Lemma [3.II and 03.21) implies 

|{x e M|(J Q;1 /)(x) > p}\ < \xe M\(Mf)(x) > 


B(x, 2~ k e) 




Ce c 


Ce a .. ... 

< ——II/IUmm), 

/i 


(3.2) 
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where C depends only on A and n. 
By Assumption 2 we derive 

[dist(x, C)] c 


sup 


< A sup [dist(x, C)] a_ ” = Ae c 


Ce M-B(x,e) \B{x, dist(x, C)) I C,&M-B(x,e ) 

which implies 

(I a , 2 f)(x)<Ae a - n \\f\\ LHM) 

From (13. 2 p and (13. 3p . taking 


(3.3) 


£ = 


V (Mf)(x) J ’ 


we have 

(I a f)(x) < C[(Mf)(x)}^ \\j\\ l i { m) 
where C depends only on A and n. We remark that (I a , 2 f)(x) = 0 if £ > d. 
Combining Lemma 13.11 and (13.4ji , we arrive at 

|{x G M\(I a f)(x) > g}\ < |a; G M\(Mf)(x) > ^^^11/11^)} 

a 

which implies (13. 1 p as desired. 


(3.4) 


□ 


Remark 3.1. Lemma 13.21 can be found in [5j in the case of Euclidean space. Another 
similar definition so-called Riesz Potential of order 1 can be found in 


Lemma 3.3. Let (M, g ) be a real n-dimensional Riemannian manifold satisfying As¬ 
sumption 1, 2 and 3. Then for any g > 0 and f e R) with J M fdg = 0, there 

holds 

n 

|{* <= M\\f(x)\ > rfl < CllV/lly-y,, (3.5) 

where C depends only on A, A, n and ||VL||l°°(m)- 

Proof. Since A/ = A/ and J M fdg = 0, by integration by parts, we have 


/(z) = 


G 0 (x, z)Af(z)dg(z) 


IM 


= — lim 

r —>-0 


= lim 

r —>0 


/ G 0 (x, z)Af(z)dg(z) 

M—B(x, r) 

X7 z G 0 (x, z)Vf(z)dg{z) - lim 


(3.6) 


M—B(x, r ) 


r —>-0 


8B{x, r) 


G 0 (x, z)d v f(z)dS(z) 


= / V z G 0 (x, z)\7 f(z)dg(z), 

JM 

where v is the inward normal vector on B(x, r) and we use Assumption 2 and the fact 

C 


\G 0 (x,z)\ < 


[dist(x, z)] n ~ 2 
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Using Assumption 2, Lemma 12.71 and 

1/0*01 <c r 


together, we have 


|V/(*)| 


[dist(x, z)\ 


—dn(z) 


<C 


dist(x, z) 

l V /(uln77 FT/-TT7<w) 


(3.7) 


JM \B(x, dist(x, ;z))| 

=C(Ii|V/|)(x), 


where C is a constant depending on A, A, n and ||^ L\\l°°(m)- Thus, the lemma follows 
from Lemma [3721 and (13.71) . □ 

Lemma 3.4. Let (M, g ) be a real n-dimensional Riemannian manifold satisfying As¬ 
sumption 1, 2 and 3. Then for any f E C°°(M,R), there holds 

\\f\\ L ^ {M) < Cl|V/|Ui(M) + Cl [Vol (Af)r- WfWmM), (3.8) 

where C is a constant depending on A, A, n and || VL||^oo( M ) and C\ is a numeral number. 


Proof. The proof can be found in [42] (see also 13 [IS]). For completeness, we rewrite it 
here. If for any f E C°°(M , R) with f M f d/i = 0, (13.81) holds, then for any f E C°°(M, R), 
by the Minkowski inequality, we have 


ll/llI,n=T(M) —11/ / M IIl^(M) II/ M IIlV^T(M) 

<C||V/|| L 1 W + C x [Vol(Af)]-» \\f\\ LH M) + [Vol(Af)]-» ||/|Ui(M), 
which implies ([378]). Here f M = f M f(z)dg(z). 

So without loss of generality, we concentrate on the case f E R) with f M fd(i = 0. 

Denote p := For k E Z, define f k = min{(|/| — 2 k ) + , 2 k }, where (|/| — 2 k ) + = 

max{|/| — 2 k , 0}. Obviously, 0 < fk < For k E Z, we have 

B k .={x E M\f k (x) = 2 k } 

C{x E M\f k (x ) > 2 fc " 1 } (3.9) 

C {x G M\\f k (x) - f kiM | > 2 k ~ 2 } U {x E M\f kM > 2 k ~ 2 } , 


where 


fk,M — 


f k (z)dg{z) < 


ll/IUhM) 


Vol(M) V ^ - 2Vol(M) 

From Lemma [3.31 we have 

IP 6 M\\f k (x) - f kM \ > 2‘- 2 }| <C2-«‘- 2 >lV/ t ||' 1(M) 


Using (13.101) . we can deduce 


0, 


<C2~ kp { I | V/1d/i 

1 2 fc <|/|<2 fc + 1 


k > log 2 1/71 r / + 1 =: k 0 


(3.10) 


(3.11) 


\{x E M\f kM > 2 k ~ 2 }\ < \ ^ ^ Vol(M) 

Vol(M), k < k 0 
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(3.12) 





















Combining (13.91) . (13.111) . (13 ,12ft and the Minkowski inequality together, (13.8ft follows from 


ii/iilp(m)— {y^ [ 

J2> 


l/| p d/r 


< 


< 


< 


< 


keZ ■'2 fc <|/|<2 fc +i 

^2^ +1 V(|/| >2 fc ) 


. feez 


\J2> 


kez \J^<\f\<^ +1 


|V/| 


[fco] + l 

Vol(M) E 2 p( fc +!) 


e(^ 

.feGZ X 


k=—oo 


|V/| + [Vol(M)]F2 t+1 x {t < w+1) 


2 fe <|/|< 2 fc + 1 


P I P 


E(V, 

fcez k ^ 2> 

^Y.f 

J 2‘ 


|V/| 


p I p ( [fco]+l 

+ < E ([Vol(M)]5 2 


2 fc <|/|< 2 fc + 1 

|V/| + [Vol(M)]p ]T 2 


I k=—oo 
[^o]+l 


fc+1 




keZ J2 k <\f\<2 k + 1 *=_«, 

<C f |V/| + Ci [Vol(M)] - " ||/|Ui ( iu), 

J M 

where X{fc<[fc 0 ]+i} is the characteristic function of set {A. G Z|fc < [A 0 ] + 1}. 

Remark 3.2. For any / G C°°(M, R), from (13.8ft . we have 

11/ - /m|| lA(m) < C||V/|U. (M) + Ci [Vol(M)]-i 11/ - /mIU.(m). 

By using (13.71) . we get 

Applying the discussion in (13.21) . Assumption 2 and (13.14p . we can deduce 

11/0*0 — /m||l1(M) < Cd\\Vf\\ L l( M ), 

which, combining with Assumption 2 and (13.13ft . implies isoperimetric inequality 

11 / 0*0 - / m || l ^ (m) < c\\vf\\ LHM ), 

where C is a constant depending on A, A, n and ||VL|| L oo( M ). 

Proof of Theorem, I AH Noting that we just need to prove the theorem for every fixed time, 
the conclusion is a special case of Lemma 13.41 and Remark 13.21 □ 


□ 


(3.13) 


(3.14) 
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